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Abstract

In this paper, cleavage cracking across a regular array of debondable particles was discussed through an energy

analysis. It was found that the toughening effect of the particles is dominated by a parameter v. Increasing the particle

volume fraction or the particle size has beneficial effects to the overall fracture toughness.

� 2003 Published by Elsevier Ltd. on behalf of Acta Materialia Inc.

Keywords: Fracture; Toughness; Particulate reinforced composites
1. Introduction

Over decades, it was repeatedly reported that in

many particulate reinforced polymer and metal

based composite materials debonding along the

filler–matrix interface could occur before or at the

early stage of the plastic deformation, which had

considerable influence on the fracture, viscoelastic,
and thermal properties [1–5]. At high temperature,

the microvoiding triggered by the relatively weakly

bonded particles, e.g. rubber particles in high im-

pact polystyrene (HIPS) [6], could promote the

plastic deformation at the crack tip. At low tem-

perature, in intrinsically brittle or quasi-brittle

matrix the plastic deformation became difficult

while the particles could serve as obstacles to the
cleavage crack advance. In engineering practice

this transition in fracture mode from ductile to
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brittle must be predicted accurately. There are two

basic mechanisms related to the toughening effect

of the particles in brittle matrix. The first one is the

geometrically necessary increase of the roughness

of the fracture surface. The second one is the crack

trapping effect. The retardation of the crack

propagation promotes the crack-tip plastic relax-

ation beneficial to lowering the ductile-to-brittle
transition temperature.

Rose suggested a model for brittle materials

reinforced by well-bonded particles [7]

eKK ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� 2R=LÞ þ ð2R=LÞeKK 2

p

q
ð1Þ

where R is the particle radius, L is the center-

to-center distance of the particles, eKK ¼ KC=Km,

and eKKp ¼ Kp=Km, with KC, Kp and Km being the

fracture toughness of the composite material, the

particle, and the matrix, respectively. This problem

was further investigated by Bower and Ortiz

through the simulation of the profile evolution
of the cleavage front penetrating between tough
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Fig. 2. Cleavage cracking across the regular arrays of particles

at points ‘‘A1’’ and ‘‘A2’’: (a) before the crack jump; (b) after

the crack jump.
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force at the concave part, as depicted in Fig. 1b.

When the critical condition is reached, debonding

will occur along the particle–matrix interface and

the crack front will propagate across the particle
array. As shown in Fig. 1a, usually the particles

are separated through mixed mode fracture trig-

gered by shear deformation. The shear strain can

be stated as

cp ¼
dt

2R
¼ K2

C

2pYER
ð2Þ

where dt is the shear distance, which is taken as the

crack tip opening displacement (CTOD), KC is the

critical stress intensity factor for the crack front to

overcome the resistance of the particles, E is the

Young�s modulus, and Y is the yield strength.

Through Eq. (2), if we can estimate the range of cp
the fracture toughness KC can be obtained. How-
ever, direct experimental observation of the sepa-

ration of the particles from the matrix is difficult

and the useful data are rare.

To calculate KC consider the propagation of a

cleavage crack in the displacement controlled test

depicted in Fig. 2. Initially the crack tips are

trapped by the regular arrays of debondable par-

ticles at points ‘‘A1’’ and ‘‘A2’’. Since the presence
or not of other particles should not have influence

on the front behavior, we assume that the material

is homogeneous elsewhere. The stress intensity

factor caused by the crack opening force per unit

thickness, P , is [13]

KI ¼
Pffiffiffiffiffiffiffi
pa0

p ð3Þ

where a0 is the initial half length of the crack.

Through Eq. (3), the energy release rate can be

obtained as

GI ¼
ð1� m2ÞP 2

pE~aa0L
ð4Þ

where m is the Poisson�s ratio and ~aa0 ¼ a0=L. Since
G ¼ �ð1=BÞoU=oa, we have

U
B
¼ ð1� m2ÞP 2

pE
ln ~aa0 ð5Þ

where U is the strain energy, B is the sample
thickness, and a is the crack length. Note that

U=B ¼ Pd=2, with d being the crack opening dis-
placement. Through Eq. (5), it can be seen that by

increasing the crack opening displacement quasi-
statically, the wedging force P rises linearly

P ¼ pEd
2ð1� m2Þ ln ~aa0

ð6Þ

Note that the above discussion is valid only when
~aa0 � 1. It will be shown shortly that in this model

the range of the crack length under consideration

is ~aa0 > 10.

Once the crack tip opening displacement is in-
creased to dt, the particle–matrix interface fails

and the crack will propagate unstably by a dis-

tance Da, until the stress intensity decreases to the

critical value to arrest the propagating crack, Km.

According to the experimental observations of

dynamic crack behavior, Km is about the same as

the resistance of a stationary crack [14]. Just before

the crack jump, through Eqs. (3) and (6), the stress
intensity factor at the crack tip is



Fig. 3. The effects of v and a0 on the fracture toughness KC.
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KC ¼ Pffiffiffiffiffiffiffi
pa0

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

pE2

4ð1� m2Þ2~aa0L

s
d

ln ~aa0
ð7Þ

Since the crack jump is dynamic, we assume that

the change of the crack opening displacement d is

negligible. When the crack front is stopped at
point ‘‘B’’ in the matrix,

Km ¼ Pffiffiffiffiffiffiffi
pa1

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

pE2

4ð1� m2Þ2~aa1L

s
d

ln ~aa1
ð8Þ

where a1 ¼ a0 þ Da and ~aa1 ¼ a1=L. Thus, we have

eKK ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ D~aa

~aa0

s
ln ~aa1
ln ~aa0

ð9Þ

where eKK ¼ KC=Km and D~aa ¼ Da=L.
Substitution of Eqs. (4) and (6) into (5) gives

U
B
¼ pEd2

4ð1� m2Þ ln ~aa
¼ GIL � ~aa ln ~aa ð10Þ

where ~aa ¼ a=L is the normalized crack length. The

strain energy change DU associated with the crack

jump can be stated as

DU ¼ U2 � U1

¼ GCL � ~aa0 ln ~aa0 � GmL � ~aa1 ln ~aa1 ð11Þ

where U1 and U2 are the values of the strain energy

before and after the crack jump, respectively,

which were calculated through Eq. (10); GC and

Gm are the critical energy release rates of the
composite material and the matrix, respectively.

The energy dissipated in the crack jump process

is

W ¼ GmL � D~aaþ v0ð2pR2Þ=L ð12Þ

where v0 ¼ veff � Gm, with veff being the effective

work of separation of the particle–matrix inter-

face. Here we only study the case where v0 P 0.

The first term at RHS of Eq. (12) reflects the work

to separate the primary fracture surfaces in the

matrix; and the second term reflects the contribu-
tion of the debonding of the particles from the

matrix. Since DU and W should be equal to each

other, we have

eKK 2 ¼ ðD~aaþ ~aa0vÞ � lnð~aa0 þ D~aaÞ
~aa0 ln ~aa0 � ½lnð~aa0 þ D~aaÞ � ln ~aa0


ð13Þ
where v ¼ 2pðv0=GmÞðR=a0ÞðR=LÞ. The combina-

tion of Eqs. (9) and (13) gives Da and KC. Since the

only independent variables in the two equations

are the parameter v and the initial crack length a0,
KC must be function of them.
3. Discussion

Fig. 3 shows that the overall fracture toughness,

which is taken as the critical stress intensity factor

to overcome the regular array of the particles, KC,

rises rapidly with v and decreases slightly with

increasing a0. When v is 0, eKK tends to 1, i.e. the

toughening effect of the particles vanishes, as it

should. In the range of a0=L > 10 where the as-
sumption of the regular particle array along the

crack front is reasonable, the numerical solution

can be regressed as

eKK ¼ KC

Km

¼ 1þ 1:04 � v0:49 � ð0:27�aa2 � 0:43�aaþ 2:10Þ ð14Þ

where �aa ¼ ~aa0=100. Through Eq. (2), if the shear

strength of the particle–matrix interface is esti-

mated as k ¼ lcp, with l being the shear modulus,

for the first order approximation the effective work
of separation associated with the debonding can be

calculated as v0 ¼ ð2RÞk ¼ lK2
C=pYE. This rela-

tionship indicates that eKK / v1=2, which is quite

compatible with Eq. (14).

If we assume that the crack advance is uniform

along the front, the fracture toughness can be



Fig. 4. The fracture toughness, KC, as function of the particle

volume fraction, c.
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simply estimated through the area average of the

fracture work

1� m2

E
K�2

C ¼ v0ð2pR2Þ=Lþ GmDa
Da

ð15Þ

It can be seen that K�
C is considerably lower than

KC when v is larger than 0.1. The difference be-
tween them is caused by the crack trapping effect.

If the crack length is comparable to the char-

acteristic microstructure length, e.g. when

a0=L < 10, the assumption of the front behavior

depicted in Fig. 1b is not acceptable [8,9], thus the

above discussion is no longer valid. In the range of

a0=L > 10, according to Eq. (14), the fracture

toughness of the composite material reinforced by
debondable particles is not a material constant.

The toughening effect is more pronounced for

shorter cracks, which is consistent with the fact

that the cleavage crack is not scalable when the

crack length varies while the particle size is con-

stant. At the front of a longer crack, the particle

size appears to be ‘‘smaller’’, leading to the lower

resistance to cleavage cracking. The factor of the
crack length also comes in by affecting the rate of

change of the energy release rate, which is reflected

by both of the factor v0:49 and the term in the

bracket at RHS of Eq. (14). This effect is quite

similar to the crack length dependence in the R-
curve analysis, where the second derivative of the

strain energy plays an important role in deter-

mining the critical condition of the unstable crack
advance.

According to the definition of v, the larger the

effective work of separation of the particle–matrix

interface, the higher the fracture toughness. SinceeKK / v1=2, KC should be proportional to v1=2
0 , or,

equivalently, GC / v0, i.e. the additional fracture

work associated with the crack trapping effect is

proportional to the effective particle strength. Note
that when v0 is larger than a certain critical value

such that the particle can bridge across the crack

flanks even after the crack front bypasses them, the

particles can no longer be considered as weakly

bonded. Under this condition the problem must be

analyzed through the detailed simulation of the

evolution of the crack front profile [8–11].

As shown in Fig. 3, if the crack length is much
larger than L, the crack length dependence be-
comes negligible. By substituting the definition of

v into Eq. (14) and taking a0 as 100L, the numer-

ical result of the toughening effect for long cracks

can be simplified as

eKK0 ¼ 1þ 0:5 � v0

Gm

� �0:5 R
L

ð16Þ

where eKK0 is the value of KC=Km for long cracks. It

can be seen that for long cracks the fracture

toughness is linear to the size/spacing ratio of the

particles, R=L. For spherical particles, the particle

volume fraction can be calculated as c ¼ 4pR3=L3.

Consequently, eKK0 / c1=3, which, as shown in Fig.

4, fit with the experimental data quite well. The
experimental data in Fig. 4 were obtained in a

notched Izod fracture test of the polypropylene

reinforced by the debondable calcium carbonate

particles [5]. The value of KC=Km was taken as the

square root of the normalized fracture work. For

the best fit of the data, the value of v0=Gm was

taken as 1.05 and, quite acceptable.

On the other hand, for relatively short cracks,
according to Eq. (13), eKK / c1=6, indicating that the

beneficial effect of adding more particles is more

significant when the crack length is small. Ac-

cording to Eq. (14) and the definition of v, with
constant a0 and L, the overall toughness rises with
the particle size R, which should be attributed to

the fact that with larger particle size the total

separation work of the particles becomes larger,
which promotes the toughening effect.
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4. Conclusions

In this paper, the toughening effect of debon-

dable particles in brittle matrix was discussed
through an energy method. Both of the increasing

of the fracture surface roughness and the crack

trapping effect were accounted for and the fol-

lowing conclusions were drawn:

(1) The crack trapping effect of the relatively

weakly bonded particles is significant, and is

dominated by a single parameter v collecting
together the effects of the strength of the parti-

cle–matrix interface, the particle size, and the

particle volume fraction.

(2) Due to the non-self-similar nature of the crack

advance the value of KC decreases with in-

creasing crack length. However, for long

cracks this size effect is negligible.

(3) For relatively short cracks, the overall fracture
toughness is proportional to c1=6 with c being

the particle volume fraction. For cracks much

longer than L, eKK / c1=3.
(4) Increasing particles size has a beneficial effect

on KC. With the same particle content, the
toughening effect of coarse particles is more

profound than that of fine particles.
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