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On size effect of cleavage cracking in polycrystalline thin films
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Abstract

A crack trapping model is developed for the fracture resistance of high-angle grain boundaries in free-standing brittle
thin films, based on which a new size effect is predicted. In addition to the crystallographic misorientations, the grain
boundary toughness is also dependent on the film thickness, primarily due to the geometrically necessary crack front
branching.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

With the progress in the development of thin film
materials such as silicon, silica, alumina, and gal-
lium arsenide and nitride that have been widely
applied in microfabrication, the size effect associ-
ated with their mechanical behaviors has been an
active research field for many years (e.g. Ohring,
2002). It is well known that the strength of a thin
solid film is highly dependent on its thickness, for
which a number of models, including strain gradient
theories and geometrically necessary dislocation
theories, have been established (Gao et al., 1999;
Hutchinson and Evans, 2000). At working tempera-
tures, many of thin film materials are brittle, for

which cleavage cracking is the dominant fracture
mechanism. However, currently, the studies on the
size effect in failure processes are rare.

Fig. 1 depicts a cleavage crack in a free-standing
polycrystalline thin film. In the deposition process
the unfavorable grains would be buried and eventu-
ally most of the grains are through thickness
(Madou, 2002). If the temperature is relatively
low, the grains are columnar, otherwise the grain
structure can be equiaxed. The cross-sectional diam-
eters of grains are usually in the range of 0.1–10 lm.
Depending on the processing parameters such as the
back pressure and the deposition rate, the grain
orientation of the film can be either random or
textured. In either case, the grain boundaries
interrupt the cracking processes in individual grains;
that is, the fracture surface must transmit from the
cleavage plane of one grain to that of the other as
the crack propagates across a grain boundary (Gell
and Smith, 1967).
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In a previous experimental study (Qiao and
Argon, 2003a,b), it was observed that, when a cleav-
age front reaches a grain boundary, it would first
penetrate stably across the boundary at a number
of break-through points. The distance between the
break-through points ranges from 0.1 to 10 lm,
which is independent of the crystallographic orien-
tations. Once the critical penetration depth is
reached, the persistent islands of grain boundary
(PIGB) between the break-through points would
be sheared apart and the crack would ‘‘burst’’ into
the next grain, followed by the plastic bending and
final separation of ligaments that leads to the for-
mation of radiation river markings. Thus, the frac-
ture resistance of a grain boundary is higher than
that of the single crystal, and, therefore, in a brittle
material the fracture toughness is actually governed
by the grain boundaries at the cleavage crack front
(Qiao, 2003; Qiao and Kong, 2004). Based on the
experimental results, a first-order model was devel-
oped to relate the grain boundary toughness, KGB,
to the crystallographic misorientations (Qiao and
Argon, 2003a). However, this model predicts a neg-
ligible size dependence of KGB, since the grain
boundary under consideration is much wider than
the distance between the break-through points. If
the grain boundary width is comparable or even
smaller than a single break-through point, the crack
front transmission process would be constrained
and consequently KGB can be a function of the char-
acteristic microstructure length. In this article, a
crack trapping model is developed to analyze the
grain boundary toughness in a free-standing thin
film. The influences of important parameters such
as film thickness, twist misorientation, and tilt mis-
orientation are discussed in considerable detail.

2. Transmission of a cleavage front across a

through-thickness grain boundary

Fig. 2 shows a high-angle grain boundary
exposed in a fracture surface of a Fe–3 wt.%Si alloy.
The crack flanks are separated through two mecha-
nisms: (a) cleavage cracking of crystallographic
planes and (b) plastic shear combined with shear
fracture of PIGB. Compared with the former, the
latter leads to a higher fracture work and requires
a larger crack tip opening displacement (McClin-
tock, 1997). As depicted in Fig. 3, as the central part
of the crack front transmits from the cleavage plane
of grain ‘‘A’’ to that of grain ‘‘B’’, the rest of the
front is arrested by the grain boundary, being left

Fig. 2. SEM microscopy of cleavage cracking across a high-angle
grain boundary in a Fe–3 wt.%Si alloy at �20 �C.
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Fig. 3. A schematic diagram of the cleavage front transmission
across a through-thickness grain boundary.
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Fig. 1. A schematic diagram of a cleavage crack arrested by a
grain boundary in a free-standing polycrystalline thin film.
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behind the verge of propagating. The grain bound-
ary areas associated with the arrested crack front,
which are shown as the gray areas in Fig. 3, act as
bridging reinforcements, causing local crack clo-
sure. As the effective stress intensity at the crack
tip increases to the critical value of KGB, the crack
would ‘‘jump’’ forward, as was observed in the
experiments of iron–silicon alloys (Qiao and Argon,
2003a,b). If the cracking procedure is displacement
controlled, with the constant crack opening dis-
tance, d, the ‘‘driving force’’ of crack growth keeps
decreasing as the crack length increases, and eventu-
ally the crack would stop in grain ‘‘B’’. According to
a theoretical analysis (Kong and Qiao, 2005), the
crack tip opening distance at the onset of the unsta-
ble crack advance across the boundary is smaller
than the required value to shear apart the persistent
islands of grain boundary; that is, the PIGB fail
after grain ‘‘B’’ is cleaved. Under this condition,
the persistent grain boundary areas can be regarded
as impenetrable ‘‘fillers’’ that first hinder the crack
growth by trapping effect and then bridge across
the crack flanks, resulting in additional fracture
resistance.

The total fracture resistance of a polycrystalline
material can be decomposed as

Gtot ¼ GGB þ Gb ð1Þ
where GGB is the fracture work associated with the
crack trapping effect of grain boundary, and Gb is
the work of grain boundary separation. In order
to calculate GGB, we analyze the double-cantilever-
beam (DCB) thin film sample depicted in Fig. 4. Ini-
tially, the crack tip rests at the through-thickness
grain boundary between grains ‘‘A’’ and ‘‘B’’. As
the crack opening distance increases quasi-statically,
the cleavage front would transmit across the grain
boundary (see Fig. 3). When the energy release rate

reaches GGB, the trapping effect of the PIGB is over-
come. The cleavage front would bypass the grain
boundary and propagate forward into grain ‘‘B’’,
somewhat similar with a dislocation line bypassing
a precipitate particle. Because, as will become clear
shortly, GGB is higher than the fracture resistance of
grain ‘‘B’’, GB, the crack front would keep advanc-
ing, until the crack growth ‘‘driving force’’ decreases
to the critical value of crack stoppage, G�B. For qua-
si-static crack growth, G�B is the same as GB. Note
that GB = Gsc/(cos h Æ cos u), where Gsc is the effec-
tive surface free energy of cleavage plane, and h and
u are the twist and the tilt misorientations across
the grain boundary, respectively. During this pro-
cess, the crack opening distance, d, can be assumed
to be constant.

According to the basic beam theory, we have

GGB ¼
3

16

Eh3d2

a4
0

ð2Þ

where E is the modulus of elasticity, h is the height
of the DCB arm, and a0 is the initial crack length.
The decrease in strain energy associated with the
crack propagation is

DU ¼ U 0 � U 1 ð3Þ
where U0 and U1 are the strain energies before and
after the crack growth, respectively. In a DCB sam-
ple, U0 can be calculated as

U 0 ¼
a0t
3

GGB ð4Þ

where t is the sample thickness.
The strain energy after the crack propagation, on

the other hand, consists of two parts

U 1 ¼ U 10 þ U b ð5Þ
where

U 10 ¼
a1t
3

GB ð6Þ

is the strain energy if the grain boundary were fully
separated, with a1 being the crack length after the
crack growth, and Ub is the energy caused by the
bridging force, Pb, distributed in the persistence
grain boundary areas, that is

U b ¼
1

2

Z
X

P bðx2Þ � ½~dð�DaÞ � d̂ðx2Þ�dx2 ð7Þ

where Da is the crack growth distance, X =
[�t, �(t + w)/2] [ [�(t � w)/2,0],

~dðx1Þ ¼ 2K0 �
1� m

l

ffiffiffiffiffiffiffiffi
�x1

2p

r
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Fig. 4. The fracture of a free-standing double-cantilever-beam
thin film sample.

748 Y. Qiao, X. Kong / Mechanics of Materials 39 (2007) 746–752



Aut
ho

r's
   

pe
rs

on
al

   
co

py

is the crack opening displacement if the grain
boundary were fully separated (Ulfyand, 1965),
d̂ðx2Þ is the shear displacement of the persistence
grain boundary, m is the Poisson’s ratio, l is the
shear modulus, w is the width of break-through
point, and x1 and x2 denote the crack growth direc-
tion and the out-of-plane direction, respectively. If
the bridging stress were zero, the stress intensity fac-
tor would be

K0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3E2h3d2=½16a4

1ð1� v2Þ�
q

:

The coordinate system of the cleavage front after
the crack propagation is shown in Fig. 5. Note that

P bðx2Þ ¼ l � ½d̂ðx2Þ2=dGB�, with dGB being the grain
boundary thickness.

In general case, the crack advance after the crack
trapping effect is overcome would be unstable, and
therefore G�B differs from the quasi-static critical
energy release rate. However, if there existed a frac-
ture resistance gradient in grain ‘‘B’’ such that the
local fracture resistance is always equal to the crack
growth ‘‘driving force’’, the crack propagation is in
equilibrium and the front would stop as the energy
release rate decreases to GB. Although it is clear
that, under this condition, the crack growth distance
is different from that of the actual case where the
fracture resistance of grain ‘‘B’’ is a material con-
stant, since the crack behavior subsequent to the
break-through of grain boundary does not affect
the critical condition, introducing in the virtual frac-
ture resistance gradient would not affect the result of
GGB, as long as the excess fracture work is taken
into consideration.

When the crack front is d1 away from the grain
boundary, the effective stress intensity factor at the
crack tip can be calculated as (Ulfyand, 1965)

Kðd1; x2Þ ¼ K� þ
Z

X
Hðs; d1; n2ÞP bðn2Þdn2 ð8Þ

where

K� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3E2h3d2=½16ða0 þ d1Þ4ð1� v2Þ�

q
is the stress intensity factor if the persistent grain
boundary did not exist;

Hðs; d1; n2Þ ¼
ffiffiffiffiffiffiffiffiffiffi
2=p3

p
�
ffiffiffiffiffi
d1

p
=ðs2 þ d2

1Þ;
(n1, n2) is the local coordinate system, as shown in
Fig. 4; and s = jx2 � n2j. The local fracture resis-
tance that keeps the crack growth quasi-static can
then be stated as

eGðd1Þ¼
1� m2

tE

� � Z 0

�t
K0þ

Z
X

Hðs;d1;n2ÞP bðn2Þdn2

� �
dx2

� �2

ð9Þ
As the crack stops,

GB ¼ eGðDaÞ ð10Þ
Substituting Eqs. (2), (8) and (9) into (10) gives

GB ¼
1� m2

tE

� � Z 0

�t

ffiffiffiffiffiffiffiffiffiffiffiffiffi
EGGB

1� m2

r
a0

a0 þ Da

� �2
"(

þ
Z

X
Hðs;Da; n2ÞP bðn2Þdn2

�
dx2

)2

ð11Þ

According to the conservation of energy,

DU
t
¼
Z Da

0

eGðd1Þdd1 ð12Þ

Substitution of Eqs. (3)–(7) and (9) into (12) leads to

1

3
ða0GGB � a1GBÞ �

1

2t

Z
X

P bðx2Þ

� 2ð1� mÞ
l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EGGB

1� m2

Da
2p

r
a0

a1

� �2

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P bðx2ÞdGB

l

s" #
dx2

¼
Z Da

0

1� m2

tE

� � Z 0

�t

ffiffiffiffiffiffiffiffiffiffiffiffiffi
EGGB

1� m2

r
a0

a0 þ d1

� �2
"(

þ
Z

X
Hðs; d1; n2ÞP bðn2Þdn2

�
dx2

)2

dd1 ð13Þ

Finally, by taking into consideration the crack clo-
sure effect of the bridging force, we haveffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

P bðx2Þ � l � dGB

p
2ð1� mÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EGGB

1� m2

Da
2p

r
a0

a1

� �2

¼
Z

X

bK ðx2; n2ÞP bðn2Þdn2 ð14Þ

where bK ðx2; n2Þ ¼ 1
jx2�n2jp2 � arc tan 2�Da

jx2�n2j

n o
(Qiao

et al., 2004). The procedure of calculation of GGB
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Fig. 5. The cleavage front after the crack propagation. The
persistent grain boundary areas bridge across the crack flanks.
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is now complete. Eq. (14) is a Fredholm integral
equation of Pb(x2), which can be transformed into
a set of algebra equations using the Ritz method.
By solving Eqs. (11), (13), and (14) numerically,
GGB and Da can be obtained as functions of t. Since,
as previously discussed, the calculated Da does not
reflect the actual crack growth distance, in the fol-
lowing section we will focus on the discussion of
GGB.

3. Results and discussion

Eqs. (11), (13) and (14) form a nonlinear equa-
tion set that can be solved through an iteration
procedure. Based on a first-order approximation
of the grain boundary resistance (Qiao and Argon,
2003a), the initial value of GGB was taken as

GB
sin hþcos h

cos2 u þ 0:25 sin h cos h
cos u

	 

. The initial value of Da

was set to (GGB/GB)1/4 � 1, which is the crack
growth length if the fracture resistance gradient,eGðx1Þ, is ignored (Qiao and Kong, 2004). The bridg-
ing force was assumed to be a third order polyno-
mial. Initially, the constant term was taken as the
effective shear strength of grain boundary, sy, and
the coefficients of higher order terms were set to
zero. The numerical integration over the persistent
grain boundary areas was dealt with by a coordinate
transformation method, following the discussion of
Pan and Amadei (1996).

Fig. 6 shows the numerical results of GGB/GB,
where m = 0.3, E=l ¼

ffiffiffi
3
p

, and a0/w and dGB/w are
somewhat arbitrarily chosen as 200 and 0.05,
respectively. Actually, the result of GGB is quite
insensitive to the values of m, a0, and dGB. With a
constant t/w ratio, as m varies from 0.01 to 0.49,
the variation in GGB is less than 5%. Since

E=l ¼
ffiffiffi
3
p

is quite acceptable for most of the mate-
rials, it can be stated that the elastic properties have
little influence on the fracture toughness of grain
boundary. As a0/w changes from 200 to 20,000,
the value of GGB decreases only slightly by about
3%. The weak elastic property and crack length
dependences of GGB are probably caused by the
use of the basic beam theory in Eqs. (2) and (6),
where E and a0 come in by affecting the strain
energy. When a0 is relatively small, especially when
it is comparable with the film thickness, the error of
basic beam theory cannot be ignored and this model
breaks down. As dGB/w varies in the range of 0.01–
0.5, the variation in GGB is only around 5%. As dis-
cussed in the introductory section, according to the
experimental data, the width of the break-through
window, w, is independent of the crystallographic
orientations. Therefore, the vital factor that governs
the crack trapping effect of grain boundary is the
film thickness, t.

Based on a liner average analysis, Rose (1987)
has obtained the analytical solution for the frac-
ture resistance of penetrable obstacles, w 0/t 0 +
f 2(w 0/t 0) Æ (1 � w 0/t 0), where w 0 is the obstacle size,
t 0 is the spacing between obstacles, and f is a
function to be determined. In this framework (Xu
et al., 1998), through the mean square regression,
the numerical results of GGB can be expressed as

GGB

GB

¼ w
t
þ 2:4� 0:3

t
w

	 
2

� 1� w
t

	 

ð15Þ

When t/w 6 1, that is, the crack front penetrate
through the whole grain boundary uniformly,
GGB/GB = 1, as it should. As film thickness exceeds
w, only the central part of the grain boundary can
be penetrated through by the cleavage front and,
thus, the value of t/w rises. Due to the crack trap-
ping effect of the persistent grain boundary areas,
GGB/GB increases rapidly to 1.8 as t/w reaches 1.5.
As t/w continues to increase, the sensitivity of grain
boundary toughness to the film thickness keeps
decreasing, and when t/w > 1.8, the influence of
t/w on GGB is only secondary. If the film thickness
is much larger than the width of break-through win-
dow, there can be more than one break-through
points along the crack front. Under this condition,
the film thickness effect would vanish and the grain
boundary toughness converges to the coarse-grain
solution (Kong and Qiao, 2005). For iron–silicon
alloy, w is around 2–3 lm (Qiao and Argon,
2003a). Thus, when the film thickness is in the
range of 1–5 lm, the size effect of grain boundaryFig. 6. The relationship between GGB and t/w.
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toughness must be taken into consideration. If the
film thickness is smaller than this range, the regular
break-through mode dominates the crack front
transmission; and if the film thickness is above this
range, the crack front behavior is governed by
multiple break-through points, both of which would
result in a negligible film thickness dependence
of GGB. Note that the values of w for different
materials can be quite different, which in turn affects
the transition range of film thickness.

A ‘‘by-product’’ of the calculation of GGB is the
determination of the distributed bridging force,
Pb(x2), in the persistent grain boundary area, as
shown in Fig. 7. As the film thickness rises, the
crack trapping effect is increasingly pronounced,
while the PIGB width also increases. The numerical
data show that the latter effect is dominant and
thereby the bridging force decreases with the film
thickness. When t/w is small, the distribution of
Pb(x2) is relatively uniform. The degree of unifor-
mity is reduced as t/w ratio becomes larger. The
bridging force reaches the maximum value at the
border of the break-through window, and the min-
imum point is at the film surface. It can be seen that
the maximum Pb/l is at the level of 10�3, which is in
elastic domain for most of materials, indicating that
the above discussion is self-compatible.

After the crack trapping effect of a grain bound-
ary is overcome, with the increasing of remote
loading, the crack would advance forward and even-
tually the persistent grain boundary areas would be
sheared apart. The specific work of separation can
be stated as

Gb ¼
cgb � tan h

2

t
d

1� w
t

	 
2
� �

ð16Þ

where d is the cross-sectional diameter of the
through-thickness grain and cgb is the effective sur-
face free energy of grain boundary. Substituting
Eqs. (15) and (16) into (1) gives the overall fracture
resistance of grain boundary

Gtot

Gsc

¼ w
t
þ 2:4� 0:3

t
w

h i2

� 1� w
t

	 
� �
1

cos h � cos u

þ b
tan h

4

t
w

1� w
t

	 
2
� �

ð17Þ

where b = b1b2, b1 = w/d, and b2 = (2cgb)/Gsc. For
most of materials, b2 is in the range of 0.7–0.9
(McClintock and Argon, 1993). The cross-sectional
size of the grain in a thin film is determined by a
number of factors such as substrate temperature,
back pressure, film thickness, and heat treatment
history. If the substrate temperature is low, the
grain structure can be columnar and d is around
0.1–1 lm. If the substrate temperature is high, the

Fig. 7. The distribution of the bridging force in the persistent
grain boundary area.

Fig. 8. The fracture resistance of a polycrystalline thin film: (a)
t/w = 1.3, and (b) t/w = 1.6. The value of b is set to 1.5.
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grain structure is equiaxed and d can be as large as
5–10 lm. Hence, for different thin film materials, the
value of b1 can range from 0.1–10. Fig. 8 shows
that, similar with GGB, Gtot increases with t/w, as
it should, since both terms in Eq. (17) increases as
t/w rises. The value of Gtot increases with both twist
and tilt misorientations, and the influence of the
twist angle is more important, which is in consistent
with the experimental data (Gell and Smith, 1967;
Qiao and Argon, 2003a,b). It can be seen that the
grain boundary toughness is highly dependent on
the crystallographic orientations. Depending on
the film thickness, in an ‘‘average’’ case where
h = u = 22.5�, a grain boundary would lead to a
2–4 fold rise in fracture resistance, among which,
as b = 1, about 70% is due to the crack trapping ef-
fect. As b increases, the work of separation of grain
boundary becomes more significant.

4. Conclusions

A theoretical analysis is performed on the trans-
mission of a cleavage crack across a through-thick-
ness grain boundary in a free-standing thin film
material. In this model, the cleavage front first pen-
etrates across the grain boundary around a break-
through point. The persistent grain boundary areas
fail after the crack trapping effect is overcome. This
analysis gives the upper bound of the grain bound-
ary toughness. The numerical results indicate that,
when the film thickness is too small or too large,
the grain boundary toughness is size independent.
As the film thickness is in the intermediate range,
the film thickness effect must be taken into consider-
ation. The following conclusions are drawn:

(1) There is a transition range of film thickness
around 1–1.8 times of the width of break-
through window in which the size effect is
pronounced.

(2) In the transition range, as the film thickness
increases the grain boundary toughness
becomes larger.

(3) Below the transition range, the cleavage front
transition is uniform; above the transition
range, the crack trapping effect of persistent
grain boundary areas is saturated.

(4) The grain boundary toughness is highly
dependent on the crystallographic misorienta-
tions. The influence of the twist misorientation
is more important.
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