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Recalcitrant grain boundaries offer an important resistance to cleavage crack advance
through crack trapping. In this article, this effect is studied based on an energy analysis. It is
found that the critical energy release rate is dominated by a single parameter, Q, that
collects together factors such as work of separation, grain size, and crack length. For short
cracks, the crack trapping effect leads to an increase in fracture resistance by 20–30%. For
long cracks, the crack trapping effect is negligible.
C© 2005 Springer Science + Business Media, Inc.

1. Introduction
The role of grain boundaries in cleavage crack advance
in polycrystals was an active research area over the
years. The grain-sized microcracks in engineering met-
als and alloys have been noticed since post world war
II years and were related to the important resistance of-
fered by grain boundaries [1, 2]. One of the first exper-
imental researches on this phenomenon was performed
by Gell and Smith [3] on hydrogen charged Fe-3%Si
alloy, through which it was concluded that the twist
crystallographic misorientation was dominant. Ander-
son et al. [4] considered the fracture process of a field
of hexagonal grains. In a theoretical analysis, McClin-
tock [5] developed a ligament tearing model to take
account for the extended plastic flow of grain bound-
aries. In this model, the fracture work associated with
the fracture of the grains was ignored and the critical
energy release rate Gc was taken as the total tearing
work to separate the grain boundaries
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where dg is the grain size, k0 is the effective shear
strength of the grain boundary, h1 is the height of the
ligament along the boundary that must be sheared apart
to connect cleavage facets in adjacent grains, and ac,w

is a parameter in the range of 0 to 3.6.
In a recent experimental work, Qiao and Argon [6]

studied the fracture behavior of a substantial set of ran-
domly misoriented Fe-3%Si bicrystals and quantified
the relationship between the toughness of individual
high-angle grain boundary and the crystal misorienta-
tion angles, based on which they discussed the cleavage
cracking in a polycrystalline Fe-2%Si alloy and a de-
carburized 1010 steel [7]. Detailed observations of the
chronology of percolation of cleavage crack front led to

a simple expression for the cleavage resistance, GICPC,
of polycrystalline materials

GICPC

GIA
= B∗ + 3.03(�xc/dg) (2)

where GIA is the critical energy release rate of the single
crystal, �xc is the critical penetration depth of the crack
front across a high-angle grain boundary, and B∗ = 3.31
is a material constant. In this model, both of the shear
work of grain boundaries and the fracture work inside
grains, as well as the work associated with the break-
through process, were taken into consideration. Similar
with the ligament tearing model, the cracking process
was assumed to be quasi-static.

The experimental observations indicated that the
cleavage front advance in polycrystals was often of
a nonuniform nature [7]. The front first breaks through
the grain boundaries of relatively low toughness, which
will be referred to as “regular” grain boundaries in the
following discussion, and then surrounds the relatively
tough grain boundaries, which will be referred to as
recalcitrant grain boundaries. Before the recalcitrant
grain boundaries that bridge across the crack flanks
are separated, they offer additional resistance through
crack trapping. This effect was ignored in models in-
troduced above and will be discussed through energy
analysis in the present study.

2. Cleavage cracking across a field of grains
As discussed above, in order to study the chronology of
cleavage cracking in polycrystalline materials, fracture
tests in coarse-grained Fe-2%Si alloy and decarburized
1010 steel have been performed at lower shelf ductile-
brittle transition region. The details of the experimental
procedure were discussed elsewhere [7]. Fig. 1a shows
the SEM fractography of a decarburized 1010 steel

0022-2461 C© 2005 Springer Science + Business Media, Inc.
DOI: 10.1007/s10853-005-1909-8



[RD1: JMS] sjnw205-03-10605-03 September 22, 2005 0:19

Figure 1 (a) SEM microscopy and (b) a schematic diagram of cleavage cracking across a field of grains

sample. With the complicated front profile, the crack
could expose a grain either (a) at several grain bound-
aries simultaneously or (b) at only one boundary. If
a grain boundary was too tough to be directly pene-
trated across, the front would break through adjacent
boundaries first and the recalcitrant boundary would
act as an obstacle. Eventually, the recalcitrant boundary
would be sheared apart as depicted in Fig. 1b. Roughly,
10–15% of grain boundaries were of this type. Fig. 2
shows the appearance of such a grain boundary. Most of
the surface shows signs of plastic shearing while there
also exist evidences of fracture type separation, indicat-
ing that the boundary was separated through shear de-
formation combined with shear fracture under mixed-
mode driving forces.

Before the recalcitrant grain boundaries are sepa-
rated, the part of the cleavage front that encounters
them is trapped locally, which leads to an additional
fracture work associated with the crack trapping ef-
fect [8–12]. The penetration process of a crack front
overcoming the resistance of a regular array of recal-
citrant grain boundaries is depicted in Fig. 3. With the
increasing of the overall stress intensity at the crack
tip, the front starts to penetrate between the boundaries
stably and, eventually when the peak resistance GIC

is reached, overcomes the crack trapping effect. In a
polycrystalline material, the front will be arrested im-
mediately by the next boundary array. However, since
the presence of additional obstacles would not have

influence on the crack front behavior, in the follow-
ing discussion we consider the case where the material
ahead of line “A-A” is homogeneous. Under this con-
dition, since GIC is larger than the resistance offered by
“regular” grain boundaries, the crack front will jump by
a distance �a until the energy release rate decreases to
GIS, the critical value to arrest the propagating crack.
For reasons that will be discussed shortly, the crack
jump length �a is quite small compared with the ini-
tial crack length a0. Thus, according to the experimen-
tal observations of dynamic cracking [13], the unstable
crack advance rate is much lower than the sound speed
and, consequently, GIS is close to the resistance to a
stationary crack, GI0.

Through the fracture appearance, it is not clear
whether the separation of the recalcitrant grain bound-
aries occurrs at the onset of the crack jump or sub-
sequent to it. In the ligament tearing model [5], it is
assumed that the boundaries are separated after the
crack front has bypassed them. However, according to
the numerical simulation and the experimental observa-
tion of the evolution of the profile of the cleavage front
penetrating across a regular array of circular particles
[9, 11], this type of front behavior cab be caused only
by tough obstacles and would result in the maximum
toughening effect:

GIC
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Figure 2 A SEM micrograph of a grain boundary separated through shear deformation combined with shear fracture

Figure 3 Cleavage cracking across a regular array of recalcitrant grain boundaries

where w and D are the width and the spacing of the
obstacles, respectively. In Equation 3 if we take w/D
as the line fraction of the recalcitrant grain boundaries
ranging from 0.1–0.15, the GIC/GI0 ratio is around 2.0–
3.0. Even though GIC/GI0 for grain boundaries might
be slightly lower than this value, it is still too large
since in Equation 2 where the crack trapping effect is
ignored the calculated cleavage resistance of polycrys-
tals is only about 3 times higher than that of the single
crystal, indicating that the recalcitrant boundaries must
be separated before or simultaneously when the crack
starts to jump.

3. Crack trapping effect of recalcitrant grain
boundaries

Based on the experimental observations discussed
above, in addition to the work of separation inside
grains, the overall fracture work of polycrystals con-
sists of significant contributions from the grain bound-

aries. The first contribution is the work associated with
the break-through process, and the second contribution
is the work to separate the lateral grain boundaries de-
picted as area “EFG” in Fig. 1b. The third contribution
comes from the recalcitrant grain boundaries through
crack trapping. The first two contributions as well as
the work of separation inside grains were taken ac-
count for in Equation 2, which, as discussed in Section
2, actually gives the resistance of “regular” boundaries.

In order to analyze the contribution of the crack trap-
ping effect, consider cleavage cracking in the double-
cantilever beam (DCB) specimen depicted in Fig. 4.
The material is homogeneous with the critical energy
release rate of GI0 offered by “regular” boundaries ex-
cept for point “A”, where a regular array of recalci-
trant grain boundaries exist. Initially, the crack length
is small and the tip is at point “D” that is far from the
boundary array. With the quasi-static increasing of the
crack opening displacement δ, the crack starts to grow
along the median plane of the specimen. In ideal case
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Figure 4 Crack advance in a double-cantilever beam specimen rein-
forced by one regular array of recalcitrant grain boundaries: (a) before
the crack jump; (b) after the crack jump; (c) the relationship between
the strain energy, U, and the crack length, a

where the crack tip is perfect, the crack growth is sta-
ble. The strain energy U stored in the specimen can be
calculated through basic beam theory [14]. Thus,

U

b
= Eh3δ2

16a3
= a

3
GI (4)

where E is the Young’s modulus, b is the specimen
thickness, h is the height of the DCB arms, a is the
crack length, and GI = −(1/b)(∂U/∂a) is the energy
release rate. Since during the stable crack growth from
point “D” to “A” the energy release rate GI0 is constant
the strain energy rises linearly with the crack length
a as shown by line “OA1” in Fig. 4c. Once the crack
front is stopped at point “A”, to overcome the crack
trapping effect of the recalcitrant grain boundaries the
strain energy needs to be raised from “A1” to “A2” by
increasing the crack opening displacement to δc until
the critical condition is reached. Then the recalcitrant
grain boundaries will be separated, with an energy dis-
sipation of W∗ (“A2” to “A3”) and the crack will jump
by a distance �a from point “A” to “B”, with an energy
dissipation of GI0�a (“A3” to “B1”), after which, with
further increasing of δ, the crack advance becomes sta-
ble again and the strain energy rises along line “B1C”.
Note that according to Equation 4 , points “O”, “A1”,
“B1” and “C” are aligned in the same line with the
slope of GI0/3. During the crack jump, the crack open-
ing displacement δc can be assumed to be constant,
thus points “A2” corresponding to the critical condi-
tion triggering the crack advance across the boundary
array and “B1” corresponding to the critical condition

to arrest the propagating crack are on the same curve
“EF” defined by U = �/a3, with � = Eh3δ2

c/16.
At point “A2”, the first derivative of U does not exist.

Therefore, the ordinary definition of energy release rate
cannot be applied, which is in consistent with the fact
that to determine the cleavage resistance caused by the
crack trapping effect, not only Equation 4 but also the
behavior of the recalcitrant grain boundaries must be
taken account for. Nevertheless, an effective energy
release rate GIC can be defined based on the slope of
line “OA2”,

GIC = 3

16

Eh3

a4
0

δ2
c (5)

where a0 is the crack length just before the crack jump.
When the crack is arrested at point “B”,

GI0 = −∂U

∂a
= 3

16

Eh3

a4
1

δ2
c (6)

where a1 = a0 + �a. Through Equations 5 and 6, it
can be obtained that

a1

a0
= 1 + �a

a0
= G̃1/4 (7)

whereG̃ = GIC/GI0.
The strain energy change associated with the crack

jump is

�U = U1 − U0 = Ebh3δ2
c

16

[
1

a3
0

− 1

a3
1

]
(8)

where U0 and U1 are the values of the strain energy be-
fore and after the crack jump, respectively. Substitution
of Equations 5 and 7 into 8 gives

�U

bGI0
= a0

3
[1 − G̃−3/4]G̃ (9)

During the crack jump, the fracture work Wd consists
of the work of shearing of the recalcitrant grain bound-
aries and the work of separation of primary fracture
surfaces,

Wd = b · W ∗ + GI0 · �a · b (10)

where W∗ is the effective work of separation of recal-
citrant grain boundaries per unit width. If the tearing
process is assumed to be pure shear combined with
shear fracture as depicted in Fig. 5, W∗ can be calcu-
lated as [5]

W ∗ = 1

D
·
[

1

6

kwh2
0(

1 + 2ac,w
)
]

(11)

where w, D, k, and h0 are the width, the spacing, the ef-
fective shear strength, and the height of the recalcitrant
grain boundary, respectively; and ac,w is the length of
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Figure 5 Ligament tearing model of the separation of recalcitrant grain
boundary. The compression-side crack length is ac,wDs, with Ds being
the shear displacement

the intergranular crack associated with unit shear dis-
tance. The value of ac,w is in the range of 0–3.6 [5].

Finally, since �U = Wd, through Equations 7, 9, and
10 it can be obtained that

G̃ − 4G̃1/4 = S∗ (12)

where S∗ = Q −3 is a constant of the specimen, with

Q = 1

6a0 D

kwh2
0

(1 + 2ac,w)GI0
. (13)

Fig. 6 shows the numerical solution of Equation 12.

4. Discussion
If we ignore the crack trapping effect, the critical energy
release rate GR to overcome an array of tough obstacles
could be simply estimated as

G R = G O AO + Gm Am (14)

where GO, Gm, AO, and Am are fracture resistances and
area fractions of the obstacles and the matrix, respec-
tively. For the recalcitrant grain boundaries,

G R = Wd

�a · b
= �U

�a · b
(15)

Substitution of Equations 7 and 9 into 15 gives

G R

G I 0
= 1

3

G̃ − G̃1/4

G̃1/4 − 1
(16)

The comparison of GIC and GR is shown in Fig. 6.
It can be seen that GIC is much larger than GR and
the crack trapping effect becomes more pronounced at
higher Q. When Q is in the range of 0.05 to 0.25, about
20–30% of GIC is caused by crack trapping.

As discussed above, for recalcitrant grain boundaries
w/D can be taken as 0.1–0.15. If the crystallographic
orientation is random, h0/w = 0.32 [5]. Thus, Q can be
rewritten as

Q = α
kw(

1 + 2ac,w
)

GI0

w

a0
(17)

with α being a coefficient in the range of 0.005–0.0075.
If we take k as 200 MPa, GI0 as 730 J/m, a0 as 100 mm,
and w as 5 mm, as measured in a coarse-grained Fe-
2%Si sample [7], Q is in the range of 0.04 to 0.5. Corre-
spondingly, the value of G̃ is in the range of 1.3 to 2.6.
Since the measured critical energy release of the poly-
crystalline material give only about 3-fold rise over the
single crystal, and the lateral grain boundaries should
have a significant contribution to the overall fracture
work, the low end of this range seems more plausible,
suggesting that the value of ac,w should be taken as

Figure 6 The critical energy release rate, GIC, and the crack jump length, �a
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about 3.6. This is compatible with the observation that
the fracture appearance of the boundaries consists of
features of both shear deformation and fracture-type
separation. The value of G̃ around 1.3 is considerably
lower than the range of 2.0–3.0 given by Equation 2,
where the recalcitrant grain boundaries were assumed
to be tough and could bridge across the crack flanks
even after the crack front bypassed them. The effective
boundary shear strength k is dominant to the maximum
penetration depth of the crack front, which in turn in-
fluences the toughening effect. With the value of G̃
around 1.3, through Equation 7, �a/a0 ≈ 6.7%, that
is, the crack jump length is much smaller than the ini-
tial crack length, indicating that the above analysis is
self-compatible.

For the decarburized 1010 steel samples tested at
low temperatures by Qiao and Argon [7], k is around
300 MPa and w is around 50 µm. The value of GI0 at the
lower shelf of ductile-brittle transition region was not
measured but it is reasonable to assume that it is close to
that of the Fe-2%Si alloy. Due to the quasi-static nature
of the loading condition and the fact that the plastic de-
formation should be more important at the 50 µm scale,
the value of ac,w is likely to be smaller than the peak
value. As the first order approximation, we take ac,w

as 0. Thus, Q can be estimated as Q = 0.15(w/a0).
For a crack with the size of 0.5 mm, the value of Q
is 0.015 and the corresponding G̃ is 1.22. Note that
since for short cracks the line fraction of the recalcitrant
grain boundaries w/D is higher, this estimate is some-
what conservative. With the increasing of the crack
length, the value of G̃ decreases considerably. When
a0 is 5 mm, G̃ is 1.07; when a0 is 50 mm, G̃ is 1.02. If
the crack is even longer, the crack trapping effect be-
comes negligible. It can be seen that by considering the
crack trapping effect of the recalcitrant grain bound-
aries the critical energy release rate of polycrystals is
no longer a material constant. This should be attributed
to that, with the fixed grain size, the crack growth is not
self-similar. At the tip of a longer crack, the width of
the recalcitrant grain boundaries seems “smaller” and
consequently the toughening effect is less pronounced.
Actually, through Equation 17, if the w/a0 ratio is kept
constant Q and G̃ become crack length independent.

This size effect can also be analyzed through Fig. 4c.
With a larger crack length, the value of W∗ (“A2A3”) is
still the same while the curve “EF” becomes “flatter”,
i.e. the crack jump length �a tends to increase, which
“dilutes” the significance of the work of separation of
the recalcitrant grain boundaries. Thus, although the
absolute value of the additional work required to over-
come the crack trapping effect (“A1A2”) can be higher,
the slope of line “OA2”, which is one third of the effec-
tive critical energy release rate, is lowered. Note that
the “flatness” of curve “EF” actually reflects the rate
of change of the energy release rate, which indicates
that for cleavage cracking in heterogeneous materials
where the crack trapping effect is significant the criti-
cal condition of crack advance is dominated not only
by the first derivative of strain energy GI, but also by
the second derivative ∂2U/∂a2. This phenomenon is
quite similar with the crack length dependence in the

well-known R-curve analysis, while in this model the
fracture mode is cleavage and the cracking resistance
of the matrix is constant.

Through Equation 17, it also can be seen that the
value of G̃ is strongly dependent of grain size w. The
factor of the grain size comes in by affecting both the
w/a0 ratio and the kw/GI0 ratio. Thus, even if w/a0 were
constant, the values of Q and G̃ would still be grain size
dependent. This intrinsic grain size effect is caused by
that the work of separation of the recalcitrant grain
boundaries is proportional to w2.

5. Conclusions
When a cleavage crack propagates across a field of
grains, the front would be trapped locally at the rela-
tively tough recalcitrant grain boundaries. This crack
trapping effect results in an additional resistance to
cleavage cracking. In this article, the contribution of
this effect to the critical energy release rate of poly-
crystals is discussed, and the following conclusions are
drawn:

1. The crack trapping effect of the recalcitrant grain
boundaries can lead to a rise of about 20–30% of the
critical energy release rate of polycrystals, which can
be determined by a single parameter Q.

2. The recalcitrant grain boundaries are separated
by combined shear deformation and “cleavage-like”
fracture before the crack front fully bypasses them.

3. The crack trapping effect is more pronounced for
shorter cracks. When the crack length is more than 100
times larger than the grain size, the crack trapping effect
is negligible.

4. With a smaller grain size, the crack trapping effect
becomes less significant.
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