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Abstract. In this paper, the conformal mapping method was adopted to solve the problem of an infinite plate
containing a central lip-shaped crack subjected to remote biaxial loading. A kind of leaf-shaped configuration was
also constructed in order to solve the problem. The analytical result showed that the singularity order of the stress
field at the tip of a lip-shaped crack remains−1/2, despite the difference in notch-crack width.
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1. Introduction

According to Williams (1952; 1957) and Irwin (1957), the singularity order of the stress field
at the tip of a planar crack loaded under plane-strain mode I condition is−1

2, and the stress
intensity factorK is introduced to characterize the stress concentration. These concepts have
become the basis of Linear Elastic Fracture Mechanics (LEFM), which has been widely used
in theoretical analyses and engineering applications.

It is noted that there are some reasons for omitting terms with a higher singularity order in
the LEFM derivations. These reasons (Hui, 1995) are:

(1) the strain energy in the region of the crack tip must be bounded;
(2) the displacement in the region of the crack tip must be bounded;
(3) the uniqueness of elastic solutions is lost if higher-order singular solutions are allowed;

and
(4) the solution for the stress field in the vicinity of an elliptical hole,in the limit asthe aspect

ratio goes to infinite, does not have such higher-order singular temrs.

Some recent studies (Hui, 1995; Zhao, 1996) argued that the four reasons are not con-
vincing, and that more singular terms should be included. It has also been argued that the
singularity order of the stress field at the tip of a propagating crack may be higher than
−1

2 (Wang, 1992; Prakash et al., 1992). Note that the above analyses are focused on ideal
geometric cracks, i.e. the crack width is zero. However, in real physical circumstances, a
crack is always of a certain width.

A kind of lip-shaped crack exists during the damage process of some materials, and the
stress field is controlled by such a crack. It is also known that the stress distribution ahead of
a notch is a vital factor in fatigue investigation and failure analysis, since cracks are prone to
initiate from a notch root, prior to final fracture. The analytical solutions to a notch crack are
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Figure 1. Infinite plate containing a central lip-shaped notch under remote biaxial loading.

difficult to obtain and they are sometimes shown as lip-shaped cracks as illustrated in Figure 1
(Hong et al., 1991). Various approaches based on LEFM have been applied to deal with the
notch-crack problem (Bowie, 1956; Schijve, 1982; Xiao et al., 1985; Baskes, 1975), and many
of them are numerical methods to calculate the stress field at the tip of a notch crack.

In this paper, a kind of lip-shaped crack with a dimension in width is studied. The complex
stress function method developed by Muskhelishvili (1954) is adopted to solve the problem
of an infinite plate containing a central lip-shaped crack subjected to remote biaxial loading.
In order to solve the problem, a leaf-shaped profile is constructed, which is similar to the lip-
shaped contour but has round tips so as to allow for the integral operation during the theoretical
derivations. Finally, the singularity order of the stress field at the tip of the lip-shaped crack
with a crack width is derived.

2. Basic equations

Figure 1 shows an infinite thin plate with a central lip-shaped crack subjected to remote biaxial
loading. One may transform the lip-shaped profile on thez-plane to a unit circle on theζ -plane
(Figure 2) via the following conformal mapping formula

z = ω0(ς) = 1
2ar

[
ς + m

ς
+ ς

r2(ς2+m)
]
, (1)

wherea is the half-length of the lip-shaped profile,m = a/b − √1+ (a/b)2, b is the half-
width of the lip-shaped profile, andr = 1/(1+m). Because of the difficulty in dealing with
the singular points in the derivation of the complex stress function, which was overlooked in
the previous investigation (Hong et al., 1991), we further construct the conformal mapping
formula

z = ω(ς) = 1
2ar

[
ς + m

ς
+ ς

r2(ς2+m)
]
+ aξς (2)
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Figure 2. Mapping a lip-shaped profile inz-plane (a) onto a unit circle inζ -plane (b).

to transform a leaf-shaped instead of a lip-shaped profile on thez-plane to a unit circle on
theζ -plane, whereξ is a shape factor. The leaf-shaped profile possesses smooth tips instead
of sharp ones, which enable it to be integrated around the profile boundary. It is obvious that
whenξ tends to zero, Equation (2) reduces to Equation (1). As a result, the leaf-shaped profile
tends to the lip-shaped profile. Thus, the stress field near the tips of a lip-shaped crack can
be obtained by calculating the stress field of a leaf-shaped profile first, and then lettingξ tend
to zero. Figures 3(a)–(d) illustrate how the leaf-shaped contour transforms to the lip-shaped
profile with a decrasing value ofξ .

According to the theory developed by Muskhelishvili (1954), the general form of complex
stress functions for an infinite planar problem on theζ -plane are

φ(ς) = 0Rς − X + iY
2π(1+ κ) ln ς + φ0(ς), (3)

ψ(ς) = 01Rς + κ(X − iY )
2π(1+ κ) ln ς + ψ0(ς), (4)

whereX andY are the resultant forces on the crack boundary,0 and01 are constants depend-
ing on the remote loading conditions,R = 1

2ar + aξ , φ0(ς) andψ0(ς) are holomorphic for
|ζ | > 1, and

φ0(∞) = ψ0(∞) = 0. (5)
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Figure 3. Leaf-shaped profile tending to lip-shaped crack asξ reduces to zero.

For plane stress

κ = 3− ν
1+ ν ,

whereν is Poisson’s ratio.
Let γ be the circumference of the unit circle of theζ -plane withη = eiθ . Onγ , according

to (3) and (4), the complex stress functions have the forms

φ(η) = 0Rη − X + iY
2π(1+ κ) ln η + φ0(η), (6)

ψ(η) = 01Rη+ κ(X − iY )2π(1+ κ) ln η + ψ0(η). (7)

The boundary condition on theζ -plane has the form

φ(η)+ ω(η)

ω′(η)
φ′(η)+ ψ(η) = f, (8)

wheref = i ∫ s0 (Xn+ iYn)ds, withXn andYn being the resultant amounts of the positive nor-
mal stress on the element ds of the boundary. In this paper, ‘ ’ denotes conjugate operation,
and ‘′ ’ denotes differential operation. Substituting (6) and (7) into (8), one may obtain the
boundary conditions for the complex stress functions

φ0(η)+ ω(η)

ω′(η)
φ′0(η)+ ψ0(η) = f0, (9)
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φ0(η)+ ω(η)

ω′(η)
φ′0(η)+ ψ0(η) = f0, (10)

where

f0 = f − 0Rη + X + iY
2π

ln η − ω(η)

ω′(η)

[
0R − X − iY

2π(1+ κ)η
]
− 01R

1

η
, (11)

f0 = f − 0R 1

η
− X − iY

2π
ln η − ω(η)

ω′(η)

[
0R − X + iY

2π(1+ κ)
1

η

]
− 01Rη. (12)

Equations (3), (4) and (9)–(12) are the basic equations of the problem.

3. Complex stress functions and the singularity order

When a plate with a central leaf-shaped notch is subjected to remote biaxial loading without
rotation, the corresponding remote boundary conditions are

0 = 0 = 1
4(σ1+ σ2), (13)

01 = −1
2(σ1− σ2)e−2iα, (14)

whereσ1 and σ2 are the remote principal stresses due to external loading,α is the angle
between the direction ofσ1 and the axis 0x1. The boundary conditions on the notch surface
are

f = 0 (15)

and

X + iY = 0. (16)

Substituting (13)–(16) into (11) and (12), we may have

f0 = −1
4R(σ1+ σ2)

[
η + ω(η)

ω′(η)

]
+ 1

2R(σ1− σ2)
1

η
e2iα, (17)

f0 = −1
4R(σ1+ σ2)

[
1

η
+ ω(η)

ω′(η)

]
+ 1

2R(σ1− σ2)η e−2iα, (18)

where

ω(η)

ω′(η)
= (1+mη2)2[r2m(η2+m)+ η2+ (r + 2ξ)rη2(η2+m)]
rη(η2 +m)[r(1− η2)(1−mη2)(1−m2η2)+ 2ξ(1+mη2)2] , (19)

ω(η)

ω′(η)
= η(m+ η2)2{[r2m(1+mη2)+ 1]η2 + r(r + 2ξ)(1+mη2)}
r(1+mη2)[r(η2 − 1)(η2−m)(η2−m2)+ 2ξ(η2+m)2η2] . (20)

Equations (19) and (20) are derived from (2).
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Equations (19) and (20) show thatω(ς)/ω′(1/ς)φ′0(1/ς) is holomorphic insideγ ex-
cept at±√−m, ω(1/ς)/ω′(ς)φ′0(ζ ) is holomorphic outsideγ except at±1/

√−m. So that,
according to the Cauchy integral theorem (for|ζ | > 1)

1

2πi

∫
γ

ω(η)

ω′(η)
φ′0(η)

dη

η − ς

= 1

2πi

∫
γ

ω(η)

ω′(η)
φ′0

(
1

η

)
dη

η − ς

= −G1(ς)−G2(ς) = −M0

2

 φ′0
(

1√−m
)

ς −√−m +
φ′0
(
−1√−m

)
ς +√−m

 , (21)

1

2πi

∫
γ

ω(η)

ω′(η)
φ′0(η)

dη

η − ς

= −ω(1/ς)
ω′(ς)

φ′0(ς)+H1(ς)+H2(ς)

= −ω(1/ς)
ω′(ς)

φ′0(ς)−
M0

2m

φ′0
(

1√−m
)

ς − 1√−m
−
φ′0
(
−1√−m
)

ς + 1√−m

 , (22)

whereG1 andG2 are respectively the principal parts ofω(ς)/ω′(1/ς)φ′0(1/ς) at
√−m and

−√−m;H1 andH2 are respectively the principal parts ofω(1/ς)/ω′(ς)φ′0(ς) at 1/
√−m and

−1/
√−m; and

M0 = (1−m2)2

r[(1+m2)(1+m3)+ 2ξ(1−m2)2] .

According to the Cauchy integral theorem, one may obtain

1

2πi

∫
γ

φ0(η)

η − ς dη = −φ0(ς) |ς | > 1, (23)

1

2πi

∫
γ

φ0(η)

η − ς dη = 0 |ς | > 1, (24)

1

2πi

∫
γ

ψ0(η)

η − ς dη = −ψ0(ς) |ς | > 1, (25)

1

2πi

∫
γ

ψ0(η)

η − ς dη = 0 |ς | > 1. (26)

Substituting (23)–(26) into (9) and (10), one may deriveφ0(ζ ) andψ0(ζ ) as

φ0(ς) = − 1

2πi

∫
γ

f0 dη

η − ς +
1

2πi

∫
γ

ω(η)

ω′(η)
φ′0(η)

dη

η − ς , (27)
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ψ0(ς) = − 1

2πi

∫
γ

f0 dη

η − ς +
1

2πi

∫
γ

ω(η)

ω′(η)
φ′0(η)

dη

η − ς . (28)

According to the Cauchy theorem, we obtain that (for|ζ | > 1)

1

2πi

∫
γ

η dη

η − ς = 0, (29)

1

2πi

∫
γ

dη

η(η − ς) = −
1

ς
, (30)

1

2πi

∫
γ

ω(η)

ω′(η)
dη

η − ς = −
m

ς
−M0

ς

ς2+m, (31)

1

2πi

∫
γ

ω(η)

ω′(η)
dη

η − ς = M0
ς

1+mς2
− ω(1/ς)

ω′(ς)
+mς. (32)

Substituting (21) and (29)–(31) into (27), we can showφ0(ζ ) as

φ0(ς) =
[

1
2R(σ1− σ2)e2iα − 1

4R(σ1+ σ2)
rm

r + 2ξ

]
1

ς

−M0
1
4R(σ1− σ2)

ς

ς2+m −
1
2M0

 φ′0
(

1√−m
)

ς −√−m +
φ′0
(
−1√−m
)

ς +√−m

 . (33)

It follows that

φ′0(ς) = −
[

1
2R(σ1− σ2)e2iα − 1

4R(σ1+ σ2)
rm

r + 2ξ

]
1

ς2

−M0
1
4R(σ1+ σ2)

[
1

ς2+m −
2ς2

(ς2+m)2
]

+M0

2

 φ′0
(

1√−m
)

(ς −√−m)2 +
φ′0
(
−1√−m

)
(ς +√−m)2

 . (34)

Thus, we have

φ′0

(
1√−m

)
= φ′0

( −1√−m
)

= Rm(σ1− σ2)

2

[
e2iα − e−2iαM0

m(m2+ 1)

(m2− 1)2

]
1

1−
[
M0

m(m2+1)
(m2−1)2

]2

−1
4R(σ1+ σ2)

[
rm2

r + 2ξ
+M0

m(m2+ 1)

(m2− 1)2

]
1

1+M0
m(m2+1)
(m2−1)2

. (35)
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Substituting (35) and (33) into (3), then using the boundary conditions given by (13)–(16),
one derives

φ(ς) = 1
4R(σ1+ σ2)ς +

[
1
2R(σ1− σ2)e2iα − 1

4R(σ1+ σ2)
rm

r + 2ξ

]
1

ς

−M0
ς

ς2+m
[

1
4R(σ1+ σ2)+ ρ

]
, (36)

whereρ = φ′0(1/
√−m) = φ′0(−1/

√−m).
Similarly, the substitution of (22), (29), (30), (32) and (35) into (28) may give the expres-

sion forψ0(ς), then using the boundary conditions of equations (13)–(16), one derives from
(4) that

ψ(ς) = −1
2R(σ1− σ2)e−2iας + 1

4R(σ1+ σ2)

[
mς − 1

ς
− ω(1/ς)

ω′(ς)
+ M0ς

1+mς2

]

−ω(1/ς)
ω′(ς)

φ′0(ς)+
M0ς

1+mς2
ρ. (37)

Equations (36) and (37) are the complex stress functions for the problem of an infinite plate
containing a central leaf-shaped notch.

The stress field can be obtained from the complex stress functions with

σx + σy = 4Re[8(ς)], (38)

σx − σy + 2iτxy = 2

ω′(ς)
[8′(ς)ω(ς)+9(ς)ω′(ς)], (39)

where8(ς) = φ′(ς)/ω′(ς), and9(ς) = ψ ′(ς)/ω′(ς). The solutions to (38) and (39) will
give the stress distribution with respect toζ , which may especially show the stress field in the
vicinity of the notch root for a leaf-shaped notch. Note that the conformal mapping formulas
of (1) and (2) provide the unique transformation between thez-plane and theζ -plane, i.e. there
is a unique correlation between a point on theζ -plane and a relevant point on thez-plane. The
most important points areζ = ±1, which correspond toz = ±a by (1), orz = ±a(1+ ξ)
by (2). Let ξ be 0, then a leaf-shaped profile becomes a lip-shaped crack with sharp tips.
Consequently, the stress field at the tip of a lip-shaped crack can be derived. Figures 4(a)–(d)
show the distribution ofσθ for different values ofξ , indicating that the distribution ofσθ has
strong singularity characteristics as the value ofξ tends to zero.

It is known that, if the crack width is zero, the singularity order of the stress field at the
crack tip is−1

2. However, if the crack width is not zero(b > 0) but with sharp tips, the
singularity order of the stress field can be analyzed by means of the above complex stress
functions by reducing the value ofξ to zero.

Referring to (38) and (39),σy is the sum of the following three terms: 2Re[8(ς)], Re[9(ς)]
and Re[8′(ς)(ω(ς)/ω′(ς))]. Based on the theoretical analysis and the numerical calculations
it is evident that all of the three terms become infinite at the tips of a lip-shaped crack. The
singularity intensity of the third term is the most predominant, and that of the other two
terms have a comparatively small effect. Figure 5 shows this tendency in terms ofσθ versus
ζ1, with α = 0. It is obvious that the singularity order ofσy is dominated by the term of
Re[8′(ς)(ω(ς)/ω′(ς))], i.e. the third term.
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Figure 4. Stress field for leaf-shaped notch inζ -plane at different values ofξ , with α = 0,σ1 = 0,σ2 = 1,a = 1,
andb = 0.1.

Consider the singularity order of8′(ζ ) andω(ς)/ω′(ς) along the real axis atζ = ±1,
respectively. For convenience in the following discussion, we let

ς = 1

λ
+ 1. (40)

Thus8′(ς) andω(ς)/ω′(ς) can be rewritten as a function ofλ

ω[ς(λ)]
ω′[ς(λ)] = F(λ), (41)

8′[ς(λ)] = G(λ). (42)



212 Yu Qiao and Youshi Hong

Figure 5. Stress singularity tendency of the three terms ofσθ .

It is clear thatF(λ) andG(λ) have the same singularity order as8′(ς) andω(ς)/ω′(ς)
respectively, while the singularity points shift to±∞. If ξ is zero,F(λ) has the form

F(λ) = 2(m+ 1)2λ9+ 4(2m+ 3)(m+ 1)λ8+O(λ7)

2(m− 1)2λ8+O(λ7)
, (43)

whereO(λi) represents the polynome with the order ofλi. It is seen that whenλ tends to
infinity the singularity order ofF(λ) can be derived as{

F(λ) ∼ O(λ) for m 6= −1

F(λ)→ 0 for m = −1.
(44)

Note thatm = −1 corresponds toa/b→ 0. Whenξ is zero, the shape of the notch is sharp and
the stress singularity inevitably exists. For simplicity in the discussion of stress singularity at
the sharp notch tip, we setα = 0 and consider two cases: (a)σ1 = 0, σ2 = σ , and (b)σ1 = σ ,
σ2 = 0.

For case (a), substitution ofr = 1/(1+m) and (40) into (42) gives

8′[ς(λ)] = G(λ)

= 1
4σ [(m7+ 3m6+ 2m5 + 6m4+ 11m3 + 5m2+ 2m+ 2)λ6

+(m7+ 3m6+ 3m5+ 15m4 + 31m3 + 13m2 + 5m+ 9)λ5

+O(λ4)]
[
(m− 1)2

1+m λ5+O(λ4)

]−1

. (45)

From the above equation, it is seen that whenλ tends to infinity andm 6= −1, the singularity
order of8′[ς(λ)] is 1. For the extreme situation thatm = −1, there exists

8′[ς(λ)]|λ→∞ → 0, (46)
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which implies that the stress is zero at the notch tip and that the stress singularity is not
relevant.

For case (b), substitution ofr = 1/(1+m) and (40) into (42) gives

8′[ς(λ)] = G(λ)

= 1
2σ [(m7−m6+ 4m4−m3− 3m2)λ6

+(m7−m6+ 3m5+ 15m4 −m3− 7m2+ 5m+ 1)λ5+O(λ4)]
×[(2m3− 2m2− 2m+ 2)λ5+ (m3−5m2−5m+ 9)λ4+O(λ3)]−1. (47)

It is seen that whenλ tends to infinity form 6= −1 andm 6= 0, the singularity order of
8′[ς(λ)] is 1. For the extreme situation thatm = −1 andm 6= 0, one may show

8′[ς(λ)]|λ→∞ → O(λ0). (48)

Based on the above analyses, we may deduce the singularity order ofσy on theζ -plane, which
is caused by the joint effect of8′(ζ ) andω(ς)/ω′(ς). It is noticed that the singularity order of
8′(ζ ) andω(ς)/ω′(ς) atζ → 1 corresponds to the singularity order of8′(λ) andω(λ)/ω′(λ)
atλ→∞. From (43)–(48), we obtain that the singularity order ofσy on theζ -plane is|2| for
m 6= −1 and is 0 form = −1.

The next step is to derive the singularity order on thez-plane. For this purpose, we may
use the relation ofr = 1/(1+m) and rewrite (2) as

aς4− 2ω(1+m)ς3+ a(m2 + 4m+ 1)ς2− 2ωm(1+m)ς + am2 = 0. (49)

We can see that the power order ofζ is 4 and that ofω is 1, i.e. the power order ofω is one
fourth of that ofζ . Therefore, we may state that the singularity order ofσy on thez-plane is
|12| for m 6= −1 and is 0 form = −1. Again note that whenm = −1, i.e.a = 0, the notch
crack does not exist. Otherwise whenm 6= −1, i.e. a sharp notch crack with different sizes
in width, the singularity order of the stress field always remains−1

2. This result confirms that
the singularity order of a notch crack is the same as that of an ordinary crack and that the
K-theory in terms of stress singularity characteristics is physically valid.

4. Conclusions

By using the conformal mapping method, the distribution and the singularity characteristics
of an infinite thin plate with a central lip-shaped crack subjected to remote boundary biaxial
loading was studied. The deviation was performed by taking advantage of a leaf-shaped con-
figuration. The singularity order of the crack-tip stress field remains−1

2, which is not affected
by the change of notch-crack width. Thus, the validity of the Williams stress field is confirmed
and theK-method can be reasonably applied for the real crack with a certain amount in crack
width other than the ideal geometric one.
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