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Abstract

The factors that govern cleavage cracking across high-angle grain boundaries are investigated theoretically. According to previous
experimental observations, a cleavage front overcomes the resistance of a high-angle grain boundary by first penetrating across it at
a number of break-through points (BTP) and then separating apart persistent grain-boundary islands (PGBI). In the current study, this
process is modeled as a competition between grain boundary shearing and crack front transmission. The numerical calculation shows
that at a large grain boundary there exists an optimum BTP distance at which the grain boundary toughness is minimized, and when
the BTP distance is relatively large its influence is secondary, fitting well with the experimental results.
� 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Fracture toughness of engineering materials is an impor-
tant issue in design of structures that work under adverse
conditions [1]. In the framework of the well established lin-
ear elastic fracture mechanics (LEFM), it is usually
assumed that in a brittle material there are a large number
of pre-existing microcracks. Under an external loading,
propagation of one or a few of them would lead to cata-
strophic failure [2]. The microcracks may be induced by
residual stresses or unexpected thermal or mechanical load-
ings during processing and manufacturing. In a polycrys-
talline material, they are often assumed grain-sized. That
is, a microcrack can be initiated either inside a grain or
at a grain boundary; and once it propagates and encoun-
ters the first grain boundary, its tip would be arrested since
grain boundary usually offers a higher resistance than a sin-
gle crystal. Under this condition, the fracture resistance of
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the material is actually determined by the grain boundary
toughness.

In a recent experimental study, cleavage cracking pro-
cesses across a number of high-angle grain boundaries in
an iron–silicon alloy were examined in detail [3,4]. The dif-
ference between the grain boundary toughness and the
toughness of a single crystal was attributed to the shift of
fracture surface from the cleavage plane of one grain to
that of the other, as well as the additional work required
to separate grain boundary. It was observed that when
the effective stress intensity at a crack tip was increased,
the cleavage front would first penetrate across the bound-
ary at a number of break-through points (BTP). The rest
of the crack front in between the BTPs was left behind,
arrested by persistent grain boundary islands (PGBI).
The PGBI would be sheared apart once the penetration
depth of the penetrating crack front reached a critical
value. Since the cleavage planes in the two grains were of
different orientations, the fracture surface across the grain
boundary was sectioned, and further crack propagation
would lead to formation of river markings.
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Clearly, the PGBI plays a critical role in the crack front
transmission process [5–8]. Particularly, the crack trapping
and bridging effects of PGBI are dominant, which is depen-
dent on the PGBI width, or the distance between BTPs. One
interesting phenomenon observed in fractography study was
that along a large grain boundary the most probable dis-
tance between adjacent BTPs was 2–3 lm for all the samples
(see Fig. 1a), somewhat independent of the crystallographic
orientations [3]. However, occasionally the BTP distance can
be much larger, as shown in Fig. 1b, while BTP distance lar-
ger than 100 lm have never been observed. When the BTP
distance was large, it usually distributed quite uniformly in
the range of 10–80 lm. That is, the BTP distance distribution
curve consisted of a peak at 2–3 lm and a long, flat tail [3].
According to the river markings, in the large-BTP-distance
area, the crack front penetrated all the BTPs nearly simulta-
neously, indicating that in this range the grain boundary
resistance was insensitive to the BTP distance.

The lack of understanding of the factors governing BTP
distance, w, has imposed considerable challenges to pre-
dicting grain boundary toughness. On the one hand, the
most possible energetically favorable way for a crack to
overcome PGBIs is to minimize w, i.e. the crack front
should transmit from grain ‘‘1” into grain ‘‘2” simulta-
neously along the entire boundary, so that the area of grain
Fig. 1. SEM microscopy of cleavage cracking across a grain boundary in
an iron–3 wt.% silicon alloy at different locations: (a) the distance between
break-through points is smaller than a few microns; and (b) the distance
between break-through points is 30–50 lm. The crack propagated from
the right to the left.
boundary involved in this process is negligible. On the
other hand, there is no characteristic length of grain
boundary structure in the range of 2–50 lm [9]. In the past,
in our discussions of grain boundary toughness, w was
taken as a material constant. In the current work, through
a theoretical analysis, we show that the characteristics of
BTP distance distribution can be explained by the compe-
tition between crack front penetration and PGBI shearing.

2. Fracture resistance of persistent grain boundary islands

Fig. 2a depicts the cleavage cracking process across a
high-angle grain boundary in a brittle material. The crack
front first penetrates the boundary at the BTPs (‘‘A” and
‘‘B”). As the penetration depth increases, the PGBI is
sheared and thus the crack tip opens, as shown in
Fig. 2b. The PGBI is left behind the verge of propagating,
bridging across the fracture flanks, suppressing the crack
advance through crack trapping effect. For the sake of sim-
plicity, we analyze the crack trapping effect of a regular
array of PGBI, where BTPs distribute along the grain
boundary periodically. Without losing generality, assume
that the crack is in a double-cantilever-beam (DCB) speci-
men. The height of the DCB arms, h, is much smaller than
the initial crack length, a0, so that the problem can be dis-
cussed in the framework of basic beam theory [10]. It will
be shown shortly that the sample geometry has little influ-
ence on the calculation result of grain boundary fracture
resistance.
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Fig. 2. Schematic diagrams of cleavage cracking across a high-angle grain
boundary: (a) the three-dimensional view, where the crack propagates
from the right to the left; (b) the side view, where the crack propagates
from the left to the right.
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With a pair of crack opening forces applied on the free
end of the DCB specimen, the crack tip opening distance,
d, increases, so does the energy release rate. Eventually,
when the critical energy release rate, Gbt, is reached, the
crack trapping effect of the PGBI array is overcome. In
order to calculate Gbt, consider the case that ahead of the
grain boundary there is a fracture resistance gradient,
R(x1), which is always equal to the crack growth driven
force, G(x1), and thus the crack growth is quasi-static,
where x

* ¼ fx1; x2g is the coordinate system in the crack
plane, with the origin at the initial cleavage front, subscript
‘‘1” indicating the axis along the crack growth direction,
and ‘‘2” indicating the axis parallel to the initial crack
front. Since the crack advance occurs after the grain
boundary is overcome, this assumption would not affect
the calculation of Gbt. During the crack growth, it is also
assumed that the crack opening distance is constant. That
is, we analyze a displacement controlled process.

At the initial crack front,

Gðx̂ ¼ 0Þ ¼ Rðx̂ ¼ 0Þ ¼ Gbt; ð1Þ

and at the final crack front

Gðx̂ ¼ DaÞ ¼ Rðx̂ ¼ DaÞ ¼ Gref ; ð2Þ

where x̂ is the total crack growth distance, Da is the dis-
tance between the initial and the final cleavage fronts,
and Gref is the nominal fracture resistance of the second
grain. If the cleavage plane in the first grain is parallel to
the fracture surface, its resistance should be Gcry, the crys-
tallographic resistance to cleavage crack advance of the
material. The value of Gref can be taken as Gcry/
cosh � cos/, where h and / are twist and tilt misorientation
angles, respectively.

In a DCB sample, if the PGBI did not carry any load,
the energy release rate can be calculated as [11]

G�ðx̂Þ ¼ 3

16

Eh3D2

a4
; ð3Þ

where a ¼ a0 þ x̂ is the crack length, E is the Young’s mod-
ulus, h is the height of DCB arm, and D is the opening dis-
placement. Combination of Eqs. (1) and (3) leads to

G�ðx̂Þ ¼ Gbtð1þ x̂=a0Þ4; ð4Þ

which is equivalent to

K�ðx̂Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E � G�ðx̂Þ

1� m2

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
E � Gbt

1� m2

r
1þ x̂

a0

� �2

; ð5Þ

where K* is the effective stress intensity factor, m is the Pois-
son’s ratio.

With the bridging stress in the PGBI being taken into
consideration, the distribution of the stress intensity at
the cleavage front at x̂ can be obtained as [12–14]

Kðx2; x̂Þ ¼ K�ðx̂Þ þ
Z

X0
Hðs; n

*

Þrðn
*

Þd n
*

; ð6Þ

where n
*

¼ fn1; n2g indicates the global coordinate system;
X0 denotes the intersection of PGBI with the crack plane,
which can be described as n2 � nw 6 l, with 2l being the
PGBI width and n = 0, ± 1, ± 2 . . . r is the bridging stress
distributed in X0; and H ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
2x̂=p3

p
=ðs2 þ n2

1Þ, with
s = jx2�n2j. The value of l is determined by (rl) = sGB,
where sGB is the shear strength of grain boundary. The
average energy release rate can then be calculated as

Gðx̂Þ ¼ 1� m2

E

Z 1

�1
Kðx2; x̂Þdx2

� �2

: ð7Þ

In order to determine the bridging stress, the grain
boundary shearing displacement, dGB, must be taken into
account. Once the crack trapping effect is overcome and
the cleavage front propagates in the next grain, due to
rðn

*

Þ, the PGBI would undergo a shear deformation. Since
the material is brittle, the deformation should be elastic, i.e.

r ¼ lc; ð8Þ
where c is the effective shear strain and l is the shear mod-
ulus. Hence, the shear displacement of the PGBI is

dGBðx
*Þ ¼ L � rðx

*Þ
l

ð9Þ

with L = dGB/c being the effective thickness of PGBI. Note
that the opening displacement of a crack subjected to
bridging forces can be calculated as [15]

dðx*Þ ¼ 1� m
l

2K�ðx̂Þ
ffiffiffiffiffiffi
x̂

2p

r" #
þ 1� m

l

Z
X0

~Uðx*; n
*

Þrðn
*

Þd n
*

;

ð10Þ
where

~Uðx*; n
*

Þ ¼ 1

qp2
arctan 2

ffiffiffiffiffiffiffiffiffi
x1n1

q2

s( )

with q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1 � n1Þ2 þ ðx2 � n2Þ2

q
being the distance be-

tween x
*

and n
*

. Substitution of Eq. (9) into (10) gives

L � rðx*Þ
1� m

¼ 2K�ðx̂Þ
ffiffiffiffiffiffi
x̂

2p

r" #

þ
Z

X0
~Uðx*; n

*

Þrðn
*

Þd n
*

for x
*

in X0: ð11Þ

By solving this integral equation, the bridging stress, r, can
be obtained.

The total fracture work associated with the crack
growth from the initial front to the final front can now
be calculated as

W ¼ b
Z Da

0

Gðx̂Þdx̂þ 2

Z
X0

L � dðx* Þ2

l
�
Z dð x*Þ

0

Lðd=lÞdd

" #
d x
*
;

ð12Þ

where b is the sample thickness. The first term at the right-
hand side reflects the work of separation of crystallo-
graphic plane, and the second term captures the work of
deformation of PGBI.
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Fig. 3. The competition between Gbt and Geff.
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The fracture work must be balanced by the variation in
strain energy Ui � Ua, with Ui and Ua being the strain ener-
gies before and after the crack growth, respectively.
According to the basic beam theory, the calculation of Ui

is quite straightforward:

U i ¼
Ebh3D2

16a3
0

; ð13Þ

which, when combined with Eq. (3), can be rewritten as

U i ¼
a0b
3

Gbt: ð14Þ

The analysis of Ua, however, is more complicated, since the
contribution of the bridging stress must be included. If the
PGBI did not exist, the profile of the crack flank would be
[15]

d0ðx1Þ ¼ 2
1� m

l
K�ðDaÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Da� x1

2p

r
; ð15Þ

and the background strain energy would be

U as ¼
ða0 þ DaÞb

3
G�ðDaÞ: ð16Þ

Based on Eq. (11), when the crack tip stops in the second
grain, the bridging stress, rf, can be obtained by solving

L
1� m

� rfðx
*Þ

l
¼ 2K�ðDaÞ

ffiffiffiffiffiffi
Da
2p

r" #

þ
Z

X0
~Uðx*; n

*

Þrðn
*

Þd n
*

for x
*

in X0:

ð17Þ
This bridging stress would cause an additional strain en-
ergy in the matrix

U ap ¼
Z

X0
rfðx

*Þ½d0ðx1Þ � dðx*Þ�d x
*
: ð18Þ

By substituting Eqs. (9) and (15) into (18), based on Eq.
(16), we have

U a ¼
ða0 þ DaÞb

3
G�ðDaÞ

þ
Z

X0
rfðx

*Þ 2
1� m

l
K�ðDaÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Da� x1

2p

r
� L � rfðx

*Þ
l

( )
d x
*

ð19Þ
Thus, the condition of energy equilibrium of crack growth
can be expressed as

a0b
3

Gbt �
ða0þDaÞb

3
G�ðDaÞ

þ
Z

X0
rfðx

*Þ 2
1� m

l
K�ðDaÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Da� x1

2p

r
� L � rfðx

*Þ
l

( )
d x
*

¼ b
Z Da

0

Gðx̂Þdx̂þ 2

Z
X0

L � dðx* Þ2

l
�
Z dð x*Þ

0

Lðd=lÞdd

" #
d x
*
:

ð20Þ
In Eq. (20), there are two unknowns, Da and Gbt, which
can be related to each other by setting G(Da) as Gref (Eq.
(2)); that is

1� m2

E

Z 1

�1
Kðx2;DaÞdx2

� �2

¼ Gref : ð21Þ

The governing equations are now complete. By solving
Eqs. (20) and (21), {Gbt,Da} can be calculated numerically.
Since in the final equations the factors of b and h do not
exist, the calculated Gbt was independent of the sample
geometry. Note that, due to the assumption of the fracture
resistance gradient, the calculated Da does not reflect the
actual crack growth length.

In the framework of the line average model that was ini-
tially developed by Rose [16] and Ortiz and Bower [17] for
cleavage fracture in composite materials, the grain bound-
ary resistance can be regressed as

Gbt

Gref

¼ 1� 2l
w

� �
þ a1 þ a2

2l
w
þ a3

2l
w

� �2
" #

2l
w
; ð22Þ

where a1, a2, and a3 are parameters to be determined. By
assuming that the BTP width follows a power-law function,
we have 2l ¼ w� b1wb2 , where b1 and b2 are two unknown
parameters. Consequently,

Gbt

Gref

¼ b1wb þ ðaþ ~awb þ âw2bÞ2ð1� b1wbÞ; ð23Þ

where a = a1 + a2 + a3, ~a ¼ �a2b1 � 2a3b1, â ¼ a3b
2
1, and

b = b2 � 1. Using the Ritz method, Eq. (11) was enforced
at the tenth points of a representative BTP. The numerical
integration along the boundary was performed between
±nw. It was found that when n = 5, further increase in n

would not cause significant changes in numerical result of
Gbt, i.e. the solution converged. The Poisson’s ratio was ta-
ken as 0.28; the initial crack length was 100 mm, the same
as that in the experiment [3]; L was taken as 5 nm; the
Young’s modulus, E, and the yield strength, Y, were set
to 210 GPa and 250 MPa [3], respectively; l ¼ E=

ffiffiffi
3
p

;
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and sGB ¼ Y =
ffiffiffi
3
p

. The value of L was somewhat arbitrarily
chosen. It was noticed that as long as it was smaller than
10 lm, the change in Gbt caused by its variation was less
than 2%. By using these parameters, the integral equations
could be transformed to a set of algebra equations, solving
which gave the values of the parameters in Eq. (23):
b1 = 0.8, b = �0.6, a = 4.35, ~a ¼ �2:24, and â ¼ 0:032.
The normalized Gbt is shown as the dashed line in Fig. 3.
3. Continuous crack propagation across grain boundary

After the crack trapping effect associated with PGBI
shearing is overcome, the crack can propagate forward in
the grain ahead of the boundary. From the fracture sur-
faces shown in Fig. 1, it can be seen that in grain ‘‘2” river
markings are generated as the crack advances. This process
is depicted in Fig. 4. Due to the shift in cleavage plane
across the grain boundary, the crack front branches into
a number of sections. They propagate somewhat indepen-
dently on a set of parallel terraces. The terraces must be
bent and eventually be sheared apart to complete the sepa-
ration of fracture surfaces, leading to the formation of a
process zone behind the propagating front. Based on the
classic Andersson-Bergkvist model [18], the effective frac-
ture resistance can be assessed as

Geff

Gref

¼ 1þ Y d2
B

2
ffiffiffi
3
p
� wGref

; ð24Þ

where dB is the critical crack opening displacement (CCOD)
at which the terraces are separated. The first term at the
right-hand side captures the work of separation, and the
second term captures the work of bending. According to
experimental measurement of roughness of fracture sur-
faces, dB was about 2.7 lm [3]. Thus, Geff/Gref can be calcu-
lated as a function of w, and a typical curve is shown by the
dotted line in Fig. 3, where Gcry is taken as the experimental
result of 164 J/m2 [19] and both h and / are set to 20�, close
to the middle point of their possible range (0–45�. It will be
δ B

w

Cleavage
Ridge (River 
Marking)

Cleavage Terrace  
in Grain “2” 

Break-Through
Point

Cleavage crack in 
Grain “1” 

Grain Boundary 

Fig. 4. A schematic diagram of bending and separation of cleavage
terraces in the grain ahead of the grain boundary. The crack propagates
from the right to the left.
shown shortly that the values of h and / do not have pro-
nounced influence on w.
4. Discussion

Fig. 3 shows that, as the BTP distance, w, becomes larger,
the crack trapping resistance of PGBI, Gbt, rises monotoni-
cally, while the resistance associated with the continuous
crack propagation in the second grain, Geff, keeps decreas-
ing. There exists a critical value of w, wopt, at which
Gbt = Geff. When w is larger than wopt, Gbt > Geff; otherwise
Gbt < Geff. As a crack front encounters a grain boundary, the
cleavage front penetrates across the boundary at the BTPs.
Initially, since the BTPs distribute along the grain boundary
randomly, they can be far and few between, leading to a
large w value. As a result, the crack growth driving force,
G, must be quite high to reach Gbt. Under this condition,
if the crack trapping effect is overcome the crack would
advance continuously since the resistance offered by the sec-
ond grain, Geff, has already been exceeded. If the crack
growth driving force is smaller than Gbt, the front cannot
transmit across the boundary. As G rises, more and more
sections of cleavage front penetrate through the grain
boundary, leading to the formation of new BTPs, and thus
w is reduced. Consequently, Gbt decreases. However, when
the BTP distance is lowered to smaller than wopt, while Gbt

would keep decreasing, it is no longer the dominant factor.
In this case, even when the crack trapping effect of PGBI
is overcome, the crack still cannot advance since the resis-
tance of the second grain is larger, due to the high density
of river markings. After the crack growth driving force
exceeds Gbt, it must be further increased to Geff. That is,
the effective grain boundary fracture resistance, Ggb, should
be taken as the larger one of Geff and Gbt. When w < wopt,
Ggb = Geff; when w > wopt, Ggb = Gbt:

Ggb ¼ maxfGeff ;Gbtg ¼
Geff when w 6 wopt;

Gbt when w > wopt;

�
ð25Þ

as shown by the solid line in Fig. 3. At wopt, the overall
grain boundary resistance reaches the minimum value,
Gmin. The value of wopt is around 2–3 lm, fitting well with
the modal values of BTP distance distribution curves mea-
sured in experiment [3]. When w is either smaller than or
larger than this value, the grain boundary offers a higher
resistance, and the crack front transmission would be rela-
tively energetically unfavorable.

The value of Gmin is about 2.2 times of Gref, comparable
with but smaller than the experimental results, which were
about 3.17 times larger than Gref [4]. This should be attrib-
uted to the fact that in real specimens the BTP distances were
not constant; rather, w could deviate from wopt by an order
of magnitude, resulting in larger values of Ggb. The variance
in w can be caused by the kinetics of crack front transmis-
sion. For instance, if the formation rate of BTPs is smaller
than the increase rate of crack growth driven force, G can
reach a relatively high level of Gbt before sufficient BTPs
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are developed. For another example, if the crack front pen-
etrates across the boundary at a large number of BTPs even
when G is still small, since BTPs do not vanish, Geff would
eventually be dominant and the overall grain boundary
resistance is higher than Gmin. Both cases have been
observed in fracture experiments, as shown in Fig. 1. Only
when the BTP formation and the G increase are balanced,
can the BTP distance be stabilized at wopt and Ggb � Gmin.

When the BTP distance is relatively large, according to
Fig. 3 the slope of the Ggb–w curve is much smaller than
that in the small w range, i.e. the overall grain boundary
fracture resistance is quite insensitive to w, which is consis-
tent with the testing result that the BTP distance distribu-
tion curve is broad and flat in the range of w of 10–
80 lm [3]. Therefore, in a real specimen, if no sufficient
BTPs can be formed, a small variation in local stress inten-
sity, e.g. caused by the jerky profile of the boundary, would
lead to a large difference in w.

Since both Geff and Gbt are dependent on the crystallo-
graphic misorientation angles, the optimum BTP distance
is also related to h and /. Fig. 5 shows that as the twist
angle and the tilt angle increase, wopt tends to decrease.
However, this change is quite small even when h and / vary
across most of their possible ranges. In all the investigated
cases, wopt is around 2.5 lm, in agreement with the exper-
imental observation that no matter how different the crys-
tallographic orientations were there was no detectable
variation in BTP distance distribution [3]. Hence, wopt

can be regarded as a grain boundary constant, independent
of the properties of adjacent grains.
5. Conclusions

In the current study, we show that when the cleavage
front transmission process across a high-angle grain bound-
ary is modeled as a competition between the shearing of per-
sistence grain boundary islands and the continuous front
propagation in the grain ahead of the boundary, the
observed experimental results can be well explained. The
overall grain boundary toughness is determined by the crack
trapping effect and the bending of cleavage terraces, both of
which are dependent on the distance between break-through
points. The following conclusions are drawn:

(1) There exists an optimum break-through point dis-
tance at which the overall grain boundary fracture
resistance reaches the minimum value.

(2) When the distance between break-through points is
relatively small, the grain boundary fracture resis-
tance is governed by the river marking behaviors in
the grain ahead of the boundary; when the distance
is relatively large, the crack trapping effect of the
grain boundary is dominant.

(3) When the break-through point distance is close to the
optimum value, its influence on the grain boundary
resistance is pronounced; when the number of
break-through points is insufficient, a small variation
in local stress intensity can cause a large change in
appearance of fracture surface, while the change in
grain boundary toughness is relatively small.

(4) The optimum break-through point distance is insensi-
tive to the crystallographic orientations, and there-
fore may be regarded as a grain boundary constant.
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